Cell crawling is critical to biological development, homeostasis and disease. In many cases, cell trajectories are quasi-random-walk. In vitro assays on flat surfaces often described such quasirandom-walk cell trajectories as approximations to a solution of a Langevin process. However, experiments show quasi-diffusive behavior at small timescales, indicating that instantaneous velocity and velocity autocorrelations are not well-defined. We propose to characterize meansquared cell displacement using a modified Fürth equation with three temporal and spatial regimes: short-and long-time/range diffusion and intermediate time/range ballistic motion. This analysis collapses mean-squared displacements of previously published experimental data onto a singleparameter family of curves, allowing direct comparison between movement in different cell types, and between experiments and numerical simulations. Our method also show that robust cell-motility quantification requires an experiment with a maximum interval between images of a few percent of the cell-motion persistence time or less, and a duration of a few orders-of-magnitude longer than the cell-motion persistence time or more.
Cell crawling and migration is ubiquitous in biological processes such as embryonic development [1] , wound healing [2] , inflammatory response [3] and many pathologies [4] . Cell motion often correlates with cell polarization, with strong positive feedback between cell movement and biochemical and structural polarization within the cell [5, 6, 7, 8, 9] .
Experiments usually quantify cell motion from time-series images (movies) of the migrating cells. Center of mass trajectories of cells often have large quasi-random-walk components, inspiring characterization of trajectories in terms of the statistics of random walks. However, many experiments either set intervals between images too long or experiment durations too short to allow robust quantification of cell migration statistical properties.
Here, we present a method for robust quantification of quasi-random-walk cell migration. We start with a modified Fürth equation for the mean-squared displacement (MSD) that includes three temporal regimes: short-time/range and long-time/range diffusion and mid-time/range quasi-ballistic motion. We show that fitting for the three parameters of the modified Fürth equation and its second derivative allows rescaling of time and length to collapse five disparate sets of experimental MSD plots onto a single-parameter family of curves. The modified Fürth equation determines the maximum time interval between images and minimum experiment duration required for robust characterization of cell movement.
The Fürth-equation analysis defines the natural time and length rescaling to employ to allow proper comparison between experiments. It also reveals a problem with cell velocity measurements. Cells' small-time-scale diffusive behavior means that the ratio of displacement over time interval diverges as the time interval goes to zero; that is, instantaneous velocity is not well defined, but depends on the chosen time interval. We show that this effect is present, though often overlooked, in experiments. The definition of the velocity autocorrelation also appears problematic. However, we show that the autocorrelation of the displacement over a finite time interval is well-defined, provided that we choose the time interval carefully.
Cell-motion quantification. The modulus and direction of the velocity suffice to quantify ballistic movement with constant velocity. For normal diffusive motion we can use the MSD of the cell's center of mass, 〈|∆ ⃗| 2 〉, defined as:
where the time integral extends over the experiment duration , and 〈•〉 stands for averages over different experiments or different cells of the same type within an experiment. The integral averages over the whole experiment duration, provided < − ∆ . For normal diffusion, 〈|∆ ⃗| 2 〉 ∼ ∆ , with the slope of 〈|∆ ⃗| 2 〉 versus ∆ defining the diffusion coefficient . However, when cell displacements are neither purely ballistic or diffusive, we cannot quantify their movement by considering ⃗ or D alone.
A persistent random walk (PRW) interpolates between ballistic and diffusive movement and is a common model for the movement of cells in in vitro assays in 2 and 3 dimensions. The canonical model for a persistent random walk is a Langevin equation with white noise, also known as an OrnsteinUhlenbeck process [10] . The resulting MSD equation in 2 dimensions is:
where the persistence time, , sets the timescale of the transition between short time (∆ ≪ ) ballistic motion and long time (∆ ≫ ) diffusive motion with diffusion coefficient D. Fits to D and P, as proposed by Fürth [11] , agree well with experimentallyobserved cell trajectories for certain cell types [12] . As 〈|∆ ⃗| 2 〉 ∼ 4 (∆ ) 2 ⁄ for ∆ → 0, instantaneous velocity is well-defined.
However, cell trajectories frequently deviate from Fürth behavior [13, 14, 15, 16, 17, 18] with slower movement for small ∆ and at least two apparent time scales in the velocity auto-correlation functions. The Ornstein-Uhlenbeck process has only one time-scale [13, 14] . Dieterich and collaborators observed this deviation and, to fit experimental cell trajectory data at short time intervals, included an ad-hoc noise term in the mean-squared displacement solution [14] .
Here, we follow a different path. To describe the short-time interval regime, we augment the Fürth equation with third, short-time diffusive regime:
where 0 ≤ < 1 is the fraction of the persistence time P at which the short-time diffusive behavior ends and cell movement becomes ballistic (see Fig. S1 in supplementary materials [19] ). We may rescale eq. (3) in terms of natural units [19] , i.e., time in terms of the persistence-time-scale P and length in terms of the persistence length-scale
leaving a family of curves specified by a single dimensionless parameter, 0 ≤ S < 1, that gives the relative duration of the short-time diffusive regime. However, now |∆ ⃗| 2~∆ for ∆ → 0 and instantaneous velocity is not well-defined. Comparison with experimental data. To compare the original Fürth equation with our modified form, we fit both models (and their second derivative) to several published experimental trajectories for isolated cells crawling on different substrates [14, 15, 20, 21] . For details see supplementary materials online [19] . Figure 1 shows the fitted curves and Table 1 provides details on the experiments and the fitted values for D, P, and S. For mid-and longrange time intervals, both models fit the experimental data equally well, showing that Eq. (4) suffices to describe the long-time behavior of many types of cell migration. However, the modified Fürth equation fits the data at shorter time intervals (when available), while the original Fürth model does not agree in this regime.
Figure 1 MSD curves for different cells, treatments, and laboratories, as indicated, fitted using Eq. 4 in rescaled,
The quality of the fits between experiment and the modified Fürth equation depends on whether the data include information on sufficiently short and long time intervals to capture all three temporal regimes. The smallest timescale in a time-series is the interval between the acquired images and the longest timescale, the duration of the experiment.
The velocity auto-correlation function (VACF) provides information on the mechanisms of cell migration:
where 〈•〉 represents averages over experiments. For a classic persistent random walk, we can obtain the VACF as the second derivative of the MSD curve. When short-time motion is diffusive, the short-time velocity is not well-defined. On the other hand, we can define the average velocity over a finite time interval δ, ⃗ ( , ) = ⃗( + )− ⃗( ) , and then define the average velocity auto-correlation (Δ ):
detects trivial correlations when δ < ∆ , since the intervals used to calculate ⃗ ( , ) and ⃗ ( + Δ , ) overlap.
We found the best agreement between experimental MSD and the modified Fürth equation using the data from the experiment by Takagi et al. [21] (middle, right panel, Fig. 1 ). In this experiment, the time interval between images is 1 s and the experiment duration is 2400 s. This range of time scales fully sampled all three temporal regimes. The minimum value of is on the order of 0.01. Based on these observations, an informative experimental time series requires a time-interval between images ≤ 0.01P and a total observation time ≥ 50P, to explore all three regimes and allow accurate quantification of the modified Fürth equation parameters D, P and S.
The origin of the short-time diffusive behavior requires discussion. It could be a biologicallysignificant result of the sub-cellular dynamics of actin and/or it could be an artifact of segmentation noise.
Experiments usually determine a cell's center-ofmass position from an image of the cell projected onto the substrate. Hence, the position of the perimeter of the cell image has an uncertainty of at least ± 0.5 pixel length at each location. The contribution of these uncertainties to the error in the center-of-mass position (average of all pixel positions) is:
where ℓ is the size of an image pixel in μm, is the typical size of the cell nucleus in μm, and is the number of displacement measurements used to calculate the MSD. For the first point of the MSD curve = ( − ∆ ) ∆ ⁄ , where T is the duration of the experiment and ∆ is the interval between measurements. For the experimental data of Takagi et al., we estimate the error of the center-of-mass position for their smallest time interval (T = 40 min, ∆ = 1 s) to be ~1.15 × 10 -3 μm, where we assume ℓ ⁄~ 5 pixels and a pixel edge length of 1 μm. This error is much smaller than the square root of the MSD in their two data sets for ∆ = 1 s, i.e. 0.35 μm and 0.128 μm (see upper right panel, Fig.1) . Dieterich et al. [14] have shown in more detail that errors in single measurements of cells' positions cannot generally explain the observed diffusive behavior for short time intervals in MSD curves. Together these results indicate that the short-time diffusive behavior is biologically significant, not an experimental artifact. attribute this short-time/range diffusive motion to measurement error, or simply disregard it. This oversight is unfortunate, because the short-time/range diffusive regime provides quantitative information on the sub-cellular mechanisms that generate cell motility and determine the time a leading edge takes to form, dissipate or reorganize to destabilize the cell polarization responsible for the ballistic regime, and hence may be critical to explain the mechanism of cell migration for a specific cell type. Furthermore, when the short time motion is diffusive, instantaneous velocity is not well-defined and measurements of both velocity and velocity autocorrelation require the definition of an average velocity and associated autocorrelation function. In this case, results may depend on the time interval δ used to calculate average velocity.
The results presented here also provides a possible answer to a long-standing paradox in cell migration: while cell polarization appears to determine cell migration direction, demonstrating the correlation between cell velocity and cell polarization has been difficult: for this analysis to work, the direction of cell movement and average velocity must be measured over time intervals < ∆ < 1 in the intermediate, quasi-ballistic regime.
Finally, we point that trajectories obeying the modified Furth equation emerge from dynamic equations, analogous to the Langevin problem. We will address this point in future work. 
2-
Calculate the numerical second derivative of this curve (which is just two times the value of the velocity autocorrelation function).
3-
Calculate the second derivative of the modified Fürth equation (eq.(S1)): 
Observe that this second derivative (eq. S4) does not depend on .
4-
Use eq. (S4) to fit the experimental second derivative of the MSD curve and obtain the values of and .
5-
With these values, fit the experimental MSD curve to eq. (S1) to obtain . 
